We give explicit construction of vertex-transitive tight triangulations of d-manifolds for d ≥ 2. More explicitly, for each d ≥ 2, we construct two (d 2 + 5d + 5)-vertex neighborly triangulated d-manifolds whose vertex-links are stacked spheres. The only other non-trivial series of such tight triangulated manifolds currently known is the series of non-simply connected triangulated d-manifolds with 2d + 3 vertices constructed by Kühnel. The manifolds we construct are strongly minimal. For d ≥ 3, they are also tight neighborly as defined by Lutz, Sulanke and Swartz. Like Kühnel's complexes, our manifolds are orientable in even dimensions and non-orientable in odd dimensions.
Introduction
In [20] , Walkup introduced the class K(d), d ≥ 2, of simplicial complexes whose vertexlinks are stacked (d − 1)-spheres. So, a member of Walkup's class K(d) is a triangulated d-manifold for d ≥ 2 and any triangulated 2-manifold is a member of K(2). The following result by Kalai [11] shows that the members of this class triangulate a very natural class of manifolds obtained by handle additions on a sphere. Walkup's class K(d) has also been a major source of examples of tight triangulations. Recall that, for a field F, a d-dimensional simplicial complex X is called tight with respect to F (or F-tight) if (i) X is connected, and (ii) for all induced sub-complexes Y of X and for all 0 ≤ j ≤ d, the morphism H j (Y ; F) → H j (X; F) induced by the inclusion map Y ֒→ X is injective [13, 4] . In this paper, by tight we mean tight with respect to the field Z 2 .
Very few examples of tight triangulations are known. Apart from the trivial (d + 2)-vertex triangulation S d d+2 of the d-sphere S d , the only non-trivial series of such triangulations currently known is the (2d + 3)-vertex non-simply connected triangulated manifolds K d 2d+3 constructed by Kühnel [12] . The complex K d 2d+3 triangulates an S d−1 -bundle over S 1 . Not surprisingly, Kühnel's triangulations are members of K(d). Walkup's class also relates to one of the few combinatorial criteria for tightness that are known (for more general combinatorial criteria see [4, Theorem 3.10] ). For example, Effenberger [9] showed that: 
Moreover for d ≥ 4, the equality holds if and only if X is a neighborly member of K(d).
For d ≥ 3, a triangulated d-manifold is called tight neighborly if it satisfies (1) with equality.
In this paper, we present the second infinite series of neighborly members of K(d) after Kühnel's series K d 2d+3 . Like Kühnel's complexes, our manifolds also exhibit vertex-transitive automorphism groups. They are orientable in even dimensions, non-orientable in odd dimensions. In view of the above results, it follows that the triangulated d-manifolds we construct are tight for d ≥ 2 and are tight neighborly for d ≥ 3. Our examples are also strongly minimal. More explicitly we have is the unique (2d+3)-vertex triangulated manifold with β 1 = 0 [1, 6] . We pose the following.
The remainder of the paper is organized as follows. In Section 2, we review some basic definitions and results. Explicit description of the manifolds in Theorem 1.6 appears in Section 3. In Section 4, we present a purely combinatorial way of constructing neighborly members of K(d) and use it to construct the families
. In Section 5, we prove properties of the aforementioned manifolds mentioned in Theorem 1.6.
Preliminaries
All simplicial complexes considered here are finite and abstract. We identify two complexes if they are isomorphic. By a triangulated manifold, sphere or ball, we mean a simplicial complex whose geometric carrier is a topological manifold, sphere or ball, respectively.
A d-dimensional simplicial complex is called pure if all its maximal faces (called facets) are d-dimensional. A d-dimensional pure simplicial complex is said to be a weak pseudomanifold if each of its (d − 1)-faces is in at most two facets. For a d-dimensional weak pseudomanifold X, the boundary ∂X of X is the pure subcomplex of X whose facets are those (d − 1)-dimensional faces of X which are contained in unique facets of X. The dual graph Λ(X) of a pure simplicial complex X is the graph whose vertices are the facets of X, where two facets are adjacent in Λ(X) if they intersect in a face of codimension one. A pseudomanifold is a weak pseudomanifold with a connected dual graph. All connected triangulated manifolds are necessarily pseudomanifolds.
If X is a d-dimensional simplicial complex then, for 0 ≤ j ≤ d, the number of its j-faces is denoted by f j = f j (X). The vector (f 0 , . . . , f d ) is called the face vector of X and the number χ(X) := d i=0 (−1) i f i is called the Euler characteristic of X. As is well known, χ(X) is a topological invariant, i.e., it depends only on the homeomorphic type of |X| and, for any field
Betti number of X with respect to the field F. A simplicial complex X is said to be lneighbourly if any l vertices of X form a face of X. By a neighborly complex, we shall mean a 2-neighborly complex.
Let X be a weak pseudomanifold with disjoint facets γ, δ and let ψ : γ → δ be a bijection. Let X ψ denote the weak pseudomanifold obtained from X \ {γ, δ} by identifying x with ψ(x) for each x ∈ γ. Then X ψ is said to be obtained from X by a combinatorial handle addition. If u and ψ(u) have no common neighbor in X for each u ∈ γ (such a ψ is called an admissible map) and X is in K(d) then X ψ is also in K(d) (see [2] ).
A standard d-ball is a pure d-dimensional simplicial complex with one facet. The standard ball with facet σ is denoted by σ. If X is a stacked ball then clearly Λ(X) is a tree. So, the dual graph of a stacked ball is a tree. But, the converse is not true (e.g., the 7-vertex 3-pseudomanifold P whose facets are 1234, 2345, 3456, 4567, 1567 is a pseudomanifold for which the dual graph Λ(P ) is a tree but P is not a triangulated ball). We have ( [7] ) Lemma 2.1. Let X be a pure simplicial complex of dimension d.
(ii) The graph Λ(X) is a tree and f 0 (X) = f d (X) + d if and only if X is a stacked ball.
Proof. Let f d (X) = m and f 0 (X) = n. So, Λ(X) is a graph with m vertices. We prove (i) by induction on m. If m = 1 then the result is true with equality. So, assume that m > 1 and the result is true for smaller values of m. Since Λ(X) is a tree, it has a vertex σ of degree one (leaf) and hence Λ(X) − σ is again a tree. Let Y be the pure simplicial complex (of dimension d) whose facets are those of X other than σ. Since σ has a (d
If X is a stacked d-ball with m facets then X is a pseudomanifold and by the definition (since at each of the m − 1 stages one adds one facet and one vertex), Proof. Notice that f d+1 (CX) = f d (X) and f 0 (CX) = f 0 (X) + 1. Also Λ(CX) is naturally isomorphic to Λ(X). The proof now follows from Lemma 2.1.
Clearly, if N ∈ K(d) then N is a triangulated manifold with boundary and satisfies
Here skel j (N ) := {α ∈ N : dim(α) ≤ j} is the j-skeleton of N . From [5, Remark 2.20] , it follows :
The following corollary follows from Proposition 2.3 (cf. [7] ).
Note that any automorphism ϕ of a pure simplicial complex X induces an automorphism ϕ of the dual graph Λ(X) given by σ → ϕ(σ) for any facet σ of X. Here we have : Lemma 2.5. Let X be a pseudomanifold which is not a cone (i.e., not all the facets are through a single vertex). Then, ϕ →φ is an injective group homomorphism from Aut(X) into Aut(Λ(X)). Thus, Aut(X) is naturally isomorphic to a subgroup of Aut(Λ(X)).
Proof. Clearly, ϕ →φ is a group homomorphism. Let ϕ be such thatφ is identity on Λ(X). Thus ϕ(σ) = σ for each facet σ in X. Let x ∈ V (X) be arbitrary. Choose facets α, β such that x ∈ α and x ∈ β. As Λ(X) is connected, there is a path α 0 α 1 · · · α k in Λ(X) with α 0 = α and α k = β. Since x ∈ α 0 and x ∈ α k , there exists l < k such that x is in α 0 , α 1 , . . . , α l and x ∈ α l+1 . Hence α l \ α l+1 = {x}. Now ϕ(α l ) = α l and ϕ(α l+1 ) = α l+1 imply ϕ(x) = x. Since x was arbitrary, we see that ϕ is identity on X. 
Examples
In this section, we present our examples of neighborly members of
n on the vertex set {a 0 , a 1 , . . . , a n−1 } whose (d + 2)n facets are
The subscripts (except the first subscript on α) are to be taken modulo n.
Since N d+1
By the similar arguments as in the case of M d n , N d n has n vertices and is neighborly. From the definition of M d+1 n (resp., N d+1 n ), the permutation ψ := (a 0 , a 1 , . . . , a n−1 )
is an automorphism of M d+1
Since the order of ψ is n, we get
We remark that triangulations of surfaces with cyclic automorphism group were also constructed by Ringel and N 2 19 are described by following cyclic permutations as "row 0" (we identify the vertex a i with i).
R : 1 11 14 13 15 3 8 9 7 4 17 10 18 5 16 12 2 6, 1 7 3 2 11 6 18 16 4 14 8 10 15 12 13 5 9 17, N (a 0 ) is a 28-vertex triangulation of the 2-sphere S 2 . By construction, we know that Z 29 acts vertex-transitively on M 3 29 . These imply that the link of each vertex is a triangulated 2-sphere and hence M 3 29 is a triangulated 3-manifold. Here we prove
• 26
• 28
• 23
• 18
• 24
• 23 Proof. We present a proof for M 3 29 . Similar arguments work for N 3 29 . Consider the pure 4-dimensional simplicial complexes B 1 and B 2 on the vertex sets
where 
Again by Lemma 2.1, B is a stacked 4-ball. Let S := ∂B. Then S is a stacked 3-sphere with 149 vertices. Now consider the sixty 3-simplices
Thus ψ i is admissible for 1 ≤ i ≤ 28. Similarly, we can show that ψ 29 and ψ 30 are admissible. Since M 0 = S ∈ K(3), inductively it follows that M 30 ∈ K(3). It is now easy to see that M 30 is isomorphic to M 3 29 . This completes the proof.
If ∼ is the equivalence relation generated by x ∼ ψ i (x) for x ∈ α i , 1 ≤ i ≤ 30, then the quotient complex B/ ∼ is isomorphic to M 4 29 , where B and ψ i are as in the above proof. In Lemma 5.2, we show that M 3 29 is non-orientable.
Construction in K(d)
In this section, we present constructions of neighborly members of K(d + 1). In particular, we construct manifolds in K(d + 1) whose boundaries are M d n and N d n , respectively. Our constructions are based on Lemma 4.1 below ( [7] ). Given a graph G and a family T = {T i } i∈I of induced subtrees of G, we say that u ∈ V (G) defines the subsetû := {i ∈ I : u ∈ V (T i )} of I.
Lemma 4.1. Let G be a finite graph and T = {T i } n i=1 be a family of (n −
Proof. First we prove thatû =v for u = v in V (G). Assume thatû =v for some u = v. Let P be a u-v path in G. Let w be the neighbor of u on P . Then uw is an edge of G and hence d = #(û ∩ŵ) = #(v ∩ŵ). Therefore wv is an edge in G. Let i ∈û \ŵ =v \ŵ. Let Q be the u-v path in the tree T i . Let z be the neighbor of u on Q. Since i ∈ŵ, z = w. As before, we have d = #(û ∩ẑ) = #(v ∩ẑ). Therefore, zv is an edge in G. Since d ≥ 2, it follows thatû ∩ŵ ∩ẑ = ∅. Let j ∈û ∩ŵ ∩ẑ. Sinceû =v, it follows that j is inû,v, w andẑ. Then T j contains u, v, w and z. Since T j is an induced subgraph it contains the cycle uwvzu, a contradiction to the fact that T j is a tree.
Let S ⊆ {1, . . . , n} be of size d. We show that at most two facets of M contain S. If possible, letû,v andŵ be three facets of M that contain S. Then by assumption, uv, uw and vw are edges in G. Let i ∈ S. Then u, v and w are vertices of T i . Since T i is induced subgraph, we conclude that uv, uw, vw are edges of T i , which is a contradiction to the fact that T i is a tree. Thus M is a d-dimensional weak pseudomanifold. Clearly u →û is an isomorphism between G and Λ(M ). Further the conditions on (G, T ) imply that G is connected. Thus M is a d-pseudomanifold. Since any two members of T intersect, it follows that M is neighborly. Let S i = st M (i) be the star of the vertex i in M . Then by construction Λ(S i ) ∼ = T i and thus 
where the subscripts (except the first subscript on α) are to be taken modulo n. Let
i=0 be the family of induced trees where the vertex-set V (T i ) of T i is given by (10) see Figure 2 . Figure 4 shows the graph G 4 with the tree T 0 in black. It is easily seen that ϕ is an automorphism of G d and further we have T i+1 = ϕ(T i ). Thus
Also from (10), {α j,l : 1 ≤ j ≤ d + 2 − l} ⊆ V (T 0 ). For l ≤ k, we see that the intersection of the above two sets is {α j,l :
. Thus for l ≤ k, the two sets intersect, and hence T 0 and T i intersect. This proves the claim.
Clearly, we have the following six cases.
It is easy to see that T i contains σ 0 and hence
This completes the proof of the lemma. 
û ∩v is a (d + 1)-element set if and only if uv is an edge in
Proof. From (10) we have (10), we see that It is easy to see that ∆ indeed defines a metric on V (G d ), the proof of which will be omitted here. Clearly, #(σ i ∩μ j ) < d + 1 and σ i µ j is not an edge of G d for 0 ≤ i, j ≤ n − 1. Thus, to prove (c), we need to show the following: Figure 4 : Graph G 4 and the tree T 0 (∈ T 1 ) in black
This proves (a). Recall that for
In all the above cases, the reverse implications follow from the definitions of the sets in (12) . Before we proceed with the proofs of the forward implications, we introduce some notation. For integers i, j, let |i − j| n denote the smallest non-negative integer k such that either i + k ≡ j (mod n), or j + k ≡ i (mod n). If we think of Z n as the vertex set of the n-cycle C n whose edges are {i, i + 1} then |i − j| n is the distance between vertices i and j in C n . Thus, | · | n is a metric on Z n and |i − j| n ≤ n/2 for all i, j. For integers i ≤ j, let [i, j] n := {z ∈ Z : z ≡ k (mod n), for some k ∈ {i, i + 1, . . . , j}}.
If |i − j| n = 0 then there is nothing to prove. So, assume that t := |i − j| n > 0. Assume, without loss, that j ≡ i + t (mod n). Let T = {j − k : 0 ≤ k ≤ t − 1}. We claim that T ∩σ i = ∅. Assume that T ∩σ i = ∅. Then there exist integers k, k ′ , where 0 ≤ k ≤ t − 1 and 0
. This implies n ≤ 2d + 2, a contradiction. Thus, T ∩σ i = ∅. Now, if t ≤ d+1, then T ⊆ {j −k : 0 ≤ k ≤ d+1} =σ j and hence ∆(σ i , σ j ) ≥ #(T ) = t. On the other hand, if t ≥ d+2, then T ⊇ {j −k : 0 ≤ k ≤ d+1} =σ j , and henceσ i ∩σ j = ∅. Therefore ∆(σ i , σ j ) = d + 2. This proves Claim 1.
Assume that z, x ∈ A l,m ∩ B r,s , where z = x. Since z, x ∈ A l,m , there exist a, b ∈ {0, . . . , d + 1} such that z = m − a and
This proves part (a). By similar arguments, part (b) of Claim 2 follows.
Assume that ∆(α l,m , α r,s ) = 1. Then #(α l,m ∩α r,s ) = d + 1. Assume that m = s. Then |m − s| n > 0. We have the following two cases.
(mod n) and hence m ≡ s (mod n). This is not possible since 0 ≤ m, s ≤ n − 1 and m = s. Thus, we get contradictions in both cases. Therefore, m = s. This proves Claim 3.
If ∆(σ i , σ j ) = 1 then, by Claim 1, |i − j| n ≤ 1 and hence i − j ≡ ±1 (mod n). This proves (i).
Since (d + 2)(d + 3) ≡ 1 (mod n), we see that the map π : Z n → Z n given by i → (d + 2)i is a bijection, with the inverse map π −1 given by i → (d + 3)i. From the definitions of 
n . This proves the lemma. 
(a 0 ) and henceβ(T 0 ) = T 0 andβ is an automorphism of the tree T 0 . Thenβ(
These implyβ| C 1 = Id,β| C 2 = Id and this in term implies that β is the identity of Aut(Λ(M d+1 n )). Then, by Lemma 2.5, β is the identity of Aut(M d+1 n ). Thus the only automorphism of M d+1 n which fixes a 0 is the identity. Since α is transitive on
and henceβ(T 0 ) = T 0 andβ is an automorphism of the tree T 0 . This implies that β({σ 1 , . . . , σ d+1 , µ d+3 , . . . , µ (d+1)(d+3) }) = {σ 1 , . . . , σ d+1 , µ d+3 , . . . , µ (d+1)(d+3) }. Since T 0 and T 1 are the only trees which contain {σ 1 , . . . , σ d+1 , µ d+3 , . . . , µ (d+1)(d+3) }, it follows thatβ(T 1 ) = T 1 . Inductively, we getβ(T i ) = T i for all i. Sinceβ is an automorphism of Λ(N d+1 n ),β is an automorphism of T i for all i. This implies thatβ(α ⌊(d+1)/2⌋,i ) = α ⌊(d+1)/2⌋,i or α ⌈(d+1)/2⌉,i for all i. Now, eitherβ is identity on T 0 orβ(σ j ) = µ j(d+3) for 0 ≤ j ≤ d + 1. In the second case,β(α ⌊(d+1)/2⌋,2 ) = α ⌈(d+1)/2⌉,2(d+3) . This is not possible sinceβ(α ⌊(d+1)/2⌋,2 ) = α ⌊(d+1)/2⌋,2 or α ⌈(d+1)/2⌉,2 . Therefore,β| T 0 is the identity. Now, by the similar argument as in the case M d+1 n it follows that β is the identity in Aut(N d+1 n ) and Aut(N d+1 
(To check that (13) defines a coherent orientation, one can take any orientation on (d − 1)-simplices of M ′ . In particular, one can take positively oriented (d − 1)-simplices as given in (14) below.) We can choose an orientation on |∂B| so that the orientation on |M ′ | as the product [0, 1] × |∂B| is the same as the orientation given in (13) . This also induces an orientation on |∂A|. Let S B (resp., S A ) denote the oriented sphere |∂B| (resp., |∂A|) with this orientation. Now, as the boundary of an oriented manifold, ∂|M ′ | = S A ∪(−S B ) (cf. Note
Consider the orientation on the (14), ϕ Id (+δ 1,i,d+1 ) = (−1) md δ d,0,i+1 . Thus, |ϕ Id | : S A → S B is orientation preserving (resp., reversing) if md is even (resp., odd). Also |σ| : S A → S A is orientation preserving (resp., reversing) if σ is an even (resp., odd) permutation. Since ϕ σ = ϕ Id • σ, it follows that |ϕ σ | : S A → S B is orientation preserving if and only if md is even and σ is an even permutation or if md is odd and σ is an odd permutation. The lemma now follows. Proof. We present a proof for M d n . Similar arguments work for N d n . Let M d+1 n be as in Example 3.1. Let E 1 (resp., E 2 ) be the pure (d + 1)-dimensional subcomplex of M d+1 n whose facets are σ 0 . . . , σ n−1 (resp., µ 0 . . . , µ n−1 ). So, Λ(E i ) = C i , 1 ≤ i ≤ 2.
Clearly, E 1 is isomorphic to the pseudomanifold D 
where (b k,i,1 , b k,i,2 , . . . , b k,i,d+2 ) = (a i−2−d+k , . . . , a i−2 a i a i+(d+2) a i+2(d+3)−1 , . . . , a i+k(d+3)−1 ), for 1 ≤ k ≤ d, 0 ≤ l ≤ d + 1. From the proof of Lemma 5.1, (15a) (resp., (15b)) defines an orientation on ∂E 1 (resp., ∂E 2 ). Also, (15c) defines an orientation on ∂F i , 0 ≤ i ≤ n − 1.
